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dt
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d
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d
dt
MPP2 = P2 + x1F1,sortie − F2,sortiex2 3?4
d
dt
MP2 = FC32 + (1− x1)F1,sortie − F2,sortie(1− x2)− P2 3K4
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   7
d
dt
MCata1 = FCata− MCata1
Mtot1
F1,sortie 3!4
d
dt
MCata2 =
MCata1
Mtot1
F1,sortie − MCata2
Mtot2
F2,sortie 34
W   /&	 7
d
dt
MH2R1 = FH21 − MH2R1
Mtot1
F1,sortie 3 4
d
dt
MH2R2 = FH22 +
MH2R1
Mtot1
F1,sortie − MH2R2
Mtot2
F2,sortie 3J4
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V =
MP1
ρP
+
MPP1
ρPP
3L4
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V˙ = 0
=
˙MP1
ρP
+
˙MPP1
ρPP
=
FC31 − F1,sortie(1− x1)− P1
ρP
+
P1 − F1,sortiex1
ρPP
 	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F1,sortie =
(
FC31
ρP
+ P1
(
1
ρPP
− 1
ρP
))
1
1
ρP
+ x1
(
1
ρPP
− 1
ρP
) .
)  9 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(    	  7
F2,sortie =
(
FC32 + F1,sortie
ρP
+ (P2 + x1F1,sortie)
(
1
ρPP
− 1
ρP
))
1
1
ρP
+ x2
(
1
ρPP
− 1
ρP
) .
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d
dt
(MP1hP (T1) + MPP1hPP (T1)) = FC31hP (Te)
− F1,sortie(1− x1)hP (T1)
− F1,sortiex1hPP (T1) + J1 − Q˙1.
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d
dt
(MP1hP (T1) + MPP1hPP (T1)) = hP (T1)
d
dt
MP1 + hPP (T1)
d
dt
MPP1.
'	    	  (	   3@4  3"4
(FC31 − P1 − (1− x1)F1,sortie)hP (T1) + (P1 − x1F1,sortie)hPP (T1)
= FC31hP (Te)− F1,sortie(1− x1)hP (T1)− F1,sortiex1hPP (T1)
+ J1 − Q˙1.
 8	  	 0
P1(hPP (T1)− hP (T1)) = FC31(hP (Te)− hP (T1)) + J1 − Q˙1.
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P1 =
FC31CpP (T1 − Te) + Q˙1 − J1
∆H
3@4
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P2 =
FC32CpP (T2 − Te) + F1,sortie(x1CpPP + (1− x1)CpP )(T2 − T1) + Q˙2 − J2
∆H
3@@4
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MPP1 = x1 Mtot1 ) Mtot1 = MP1 + MPP1
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d
dt
MPP1 = x1
d
dt
Mtot1 + Mtot1x˙1

P1 − F1,sortiex1 = x1(FC31 − F1,sortie) + Mtot1x˙1
/P
x˙1 =
1
V
(
1
ρP
+ x1
(
1
ρPP
− 1
ρP
))(
− FC31x1 + P1
)

Mtot1 =
V
1
ρP
+ x1
(
1
ρPP
− 1
ρP
) .
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P1 = A1 MCata1  P2 = A2 MCata2
P   /) A1  A2    	  0    
 	 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 / 0  7
A1 =
P1 
MCata1
 A2 =
P2 
MCata2
.
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P˙ = A1
d
dt
MCata1 + A2
d
dt
MCata2
= A1
(
FCata− MCata1
Mtot1
F1,sortie
)
+ A2
(
MCata1
Mtot1
F1,sortie − MCata2
Mtot2
F2,sortie
)
.
 " 
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x˙1 =
1
Mtot1
(
− FC31x1 + P1
)
3@"4
x˙2 =
1
Mtot2
(
− (FC32 + F1,sortie)x2 + P2 + x1F1,sortie
)
3@?4
y˙1 =
1
Mtot1
(
FH21 − FC31y1
)
3@K4
y˙2 =
1
Mtot2
(
FH22 − FC32y2 + F1,sortie(y1 − y2)
)
3@!4
d
dt
MCata1 = FCata− MCata1
Mtot1
F1,sortie 3@4
d
dt
MCata2 =
MCata1
Mtot1
F1,sortie − MCata2
Mtot2
F2,sortie 3@ 4
P˙ = A1
(
FCata− MCata1
Mtot1
F1,sortie
)
+ A2
(
MCata1
Mtot1
F1,sortie − MCata2
Mtot2
F2,sortie
)
.
3@J4
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Mtot1 =
V
1
ρP
+ x1
(
1
ρPP
− 1
ρP
)
Mtot2 =
V
1
ρP
+ x2
(
1
ρPP
− 1
ρP
)
F1,sortie =
FC31
ρP
+ P1
(
1
ρPP
− 1
ρP
)
1
ρP
+ x1
(
1
ρPP
− 1
ρP
)
F2,sortie =
(
FC32 + F1,sortie
ρP
+ (P2 + x1F1,sortie)
(
1
ρPP
− 1
ρP
))
1
1
ρP
+ x2
(
1
ρPP
− 1
ρP
) .
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− x FsortiehPE(T ) + J − FH2O CpH20 ∆T
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d
dt
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(
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(
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(
hC6(Te)− hC6(T )
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+ J − FH2O CpH20 ∆T
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−P∆H =(FC2 CpC2 + FC4 CpC4 + FC6 CpC6)(Te − T )
+ J − FH2O CpH20 ∆T
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d
dt
MPE = x
d
dt
Mtot + Mtotx˙

P − xFsortie = x(Fe− Fsortie) + Mtotx˙
/P
x˙ =
1
Mtot
(
− xFe + P
)
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V
1
ρMel
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1
ρPE
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ρMel
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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   0      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A =
P 
MCata
.
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P˙ = A
d
dt
MCata
= A
(
FCata− MCata
Mtot
Fsortie
)
.
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x˙ =
1
Mtot
(
− xFe + P
)
3"!4
x˙C2 =
1
Mtot
(
− xC2Fe + FC2− xC2
xC2 + kxC6
P
)
3"4
x˙C6 =
1
Mtot
(
− xC6Fe + FC6− kxC6
xC2 + kxC6
P
)
3" 4
d
dt
MCata = FCata− MCata
Mtot
Fsortie 3"J4
P˙ = A
(
FCata− MCata
Mtot
Fsortie
)
3"L4
yC2 =
xC2
1− x 3?4
yC6 =
xC6
1− x 3?@4
. )( 	 	 8	  7
Mtot =
V
1
ρMel
+ x
(
1
ρPE
− 1
ρMel
)
Fsortie =
Fe
ρMel
+ P
(
1
ρPE
− 1
ρMel
)
1
ρMel
+ x
(
1
ρPE
− 1
ρMel
)
P =
(
FC2 CpC2 + FC4 CpC4 + FC6 CpC6
)
(Te − T ) + FH2O CpH20 ∆T − J
∆H
A =
P 
MCata
.
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x˙1 =
1
Mtot1
(
− FC31x1 + P1
)
y˙1 =
1
Mtot1
(
FH21 − FC31y1
)
d
dt
MCata1 = FCata− MCata1
Mtot1
F1,sortie
)
Mtot1 =
V
1
ρP
+ x1
(
1
ρPP
− 1
ρP
)
F1,sortie =
FC31
ρP
+ P1
(
1
ρPP
− 1
ρP
)
1
ρP
+ x1
(
1
ρPP
− 1
ρP
) .
P1   	  	 	  
  		 
 	     		 		  	&	  )(
)	   #   x1 7
ξ1 = log
(
1
ρP
+ x1
(
1
ρPP
− 1
ρP
))
.     7
ξ˙1 =
1
V
(
− FC31
(
exp(ξ1)− 1
ρP
)
+ P1
(
1
ρPP
− 1
ρP
))
y˙1 =
exp(ξ1)
V
(
FH21 − FC31y1
)
d
dt
MCata1 = FCata− MCata1
V
(
FC31
ρP
+ P1
(
1
ρPP
− 1
ρP
))

x1 =
exp(ξ1)− 1ρP
1
ρPP
− 1
ρP
Mtot1 = V exp(−ξ1)
F1,sortie = exp(−ξ1)
(
FC31
ρP
+ P1
(
1
ρPP
− 1
ρP
))
.
.  E(		   ) 7
J =

−FC31 exp(ξ1)V 0 0
exp(ξ1)
V
(
FH21 − FC31y1
)
−FC31 exp(ξ1)V 0
0 0 − 1
V
(
FC31
ρP
+ P1
(
1
ρPP
− 1
ρP
))


  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 7
S =

−FC31 exp(ξ1)V exp(ξ1)2V
(
FH21 − FC31y1
)
0
exp(ξ1)
2V
(
FH21 − FC31y1
)
−FC31 exp(ξ1)V 0
0 0 − 1
V
(
FC31
ρP
+ P1
(
1
ρPP
− 1
ρP
))

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D = det
 −FC31
exp(ξ1)
V
exp(ξ1)
2V
(
FH21 − FC31y1
)
exp(ξ1)
2V
(
FH21 − FC31y1
)
−FC31 exp(ξ1)V

'
D = (FC31)2 exp(2ξ1)
V 2
(
1− 1
4
(
FH21
FC31
− y1
)2)
1	 D > 0  0 ≤ FH21
FC31
≤ 1  0 ≤ y1 ≤ 1 	  	  	 
   R1  	 		 .    8	  7
ds2 = (dξ1)
2 + (dy1)
2 + (dMCata1)
2
=
(
1
ρPP
− 1
ρP
)2
(dx1)
2(
1
ρP
+ x1
(
1
ρPP
− 1
ρP
))2 + (dy1)2 + (dMCata1)2
	
 % >    : 	 	 	  	& . 
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x˙ =
1
V
(
1
ρMel
+ x
(
1
ρPE
− 1
ρMel
))(
− xFe + P
)
x˙C2 =
1
V
(
1
ρMel
+ x
(
1
ρPE
− 1
ρMel
))(
− xC2Fe + FC2− xC2
xC2 + kxC6
P
)
x˙C6 =
1
V
(
1
ρMel
+ x
(
1
ρPE
− 1
ρMel
))(
− xC6Fe + FC6− kxC6
xC2 + kxC6
P
)
d
dt
MCata = FCata− MCata
V
(
Fe
ρMel
+ P
(
1
ρPE
− 1
ρMel
))
	  	&	  )( )	 7
ξ = log
(
1
ρMel
+ x
(
1
ρPE
− 1
ρMel
))
ψ = xC2 + xC6
xC6 = xC6
MCata = MCata
  		 	
. 	 	 )			 7
ξ˙ =
1
V
(
− Fe
(
exp(ξ)− 1
ρMel
)
+ P
(
1
ρPE
− 1
ρMel
))
ψ˙ =
exp(ξ)
V
(
− ψFe + (FC2 + FC6)− P
)
x˙C6 =
exp(ξ)
V
(
− xC6Fe + FC6− kxC6
ψ + (k − 1)xC6 P
)
d
dt
MCata = FCata− MCata
V
(
Fe
ρMel
+ P
(
1
ρPE
− 1
ρMel
))
.  E(		   	  		 /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J =

−Fe exp(ξ)
V
0 0 0
α1 −Fe exp(ξ)V 0 0
α2 α3
exp(ξ)
V
(
− Fe− kψ
(ψ+(k−1)xC6)2 P
)
0
0 0 0 − 1
V
(
Fe
ρMel
+ P
(
1
ρPE
− 1
ρMel
))

)
α1 =
exp(ξ)
V
(
− ψFe + (FC2 + FC6)− P
)
α2 =
exp(ξ)
V
(
− xC6Fe + FC6− kxC6
ψ + (k − 1)xC6 P
)
α3 =
exp(ξ)
V
kxC6
(ψ + (k − 1)xC6)2 P
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˙ˆx1 =
1
Mtot1
(
− FC31xˆ1 + P1
)
˙ˆx2 =
1
Mtot2
(
− (FC32 + F1,sortie)xˆ2 + P2 + xˆ1F1,sortie
)
˙ˆy1 =
1
Mtot1
(
FH21 − FC31yˆ1
)
˙ˆy2 =
1
Mtot2
(
FH22 − FC32yˆ2 + F1,sortie(yˆ1 − yˆ2)
)
d
dt
MˆCata1 = FCata− MˆCata1
Mtot1
F1,sortie
d
dt
MˆCata2 =
MˆCata1
Mtot1
F1,sortie − MˆCata2
Mtot2
F2,sortie
)
Mtot1 =
V
1
ρP
+ xˆ1
(
1
ρPP
− 1
ρP
)
Mtot2 =
V
1
ρP
+ xˆ2
(
1
ρPP
− 1
ρP
)
F1,sortie =
FC31
ρP
+ P1
(
1
ρPP
− 1
ρP
)
1
ρP
+ xˆ1
(
1
ρPP
− 1
ρP
)
F2,sortie =
(
FC32 + F1,sortie
ρP
+ (P2 + xˆ1F1,sortie)
(
1
ρPP
− 1
ρP
))
1
1
ρP
+ xˆ2
(
1
ρPP
− 1
ρP
) .
W  : 	 		 (xˆ, xˆC2, xˆC6, MˆCata, yˆC2, yˆC6) /  / 7
  		 		
˙ˆx =
1
Mtot
(
− xˆFe + P
)
˙ˆxC2 =
1
Mtot
(
− xˆC2Fe + FC2− xˆC2
xˆC2 + kxˆC6
P
)
˙ˆxC6 =
1
Mtot
(
− xˆC6Fe + FC6− kxˆC6
xˆC2 + kxˆC6
P
)
d
dt
MˆCata = FCata− MˆCata
Mtot
Fsortie
yˆC2 =
xˆC2
1− xˆ
yˆC6 =
xˆC6
1− xˆ
)
Mtot =
V
1
ρMel
+ xˆ
(
1
ρPE
− 1
ρMel
)
Fsortie =
Fe
ρMel
+ P
(
1
ρPE
− 1
ρMel
)
1
ρMel
+ xˆ
(
1
ρPE
− 1
ρMel
)
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Densité R1
mesure
estimation
Densité R2
mesure
estimation
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d
dt
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ϕg1·g2(x) = ϕg1 ◦ ϕg2(x) = ϕg1
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ϕg2(x)
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∀x ∈ X , ∀g ∈ G, ϕg(x) = g.x = w(g, x).
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∀g ∈ G,∀i ∈ {1, ..., p} wi(ϕg(x)) = ∂ϕg
∂x
(x) · wi(x).
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 g ∈ G  xˆ   x
Ji(ϕg(xˆ), h(ϕg(x))) = Ji(xˆ, h(x)), i ∈ {1, ..., p}.
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d
dt
xˆ = f(xˆ) +
p∑
i=1
(Ji(xˆ, y)− Ji(xˆ, yˆ))wi(xˆ) 3? 4
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  %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!. x˙ = f(x) 
 G( 
  
 y = h(x)  
 m(  
 &
      m "

 !.  
&  xˆ    
  y I(xˆ, y) = (I1(xˆ, y), ..., Im(xˆ, y))  % 
@ 
 
 g ∈ G 
 
 xˆ  
 x
I(ϕg(xˆ), h(ϕg(x))) = I(xˆ, h(x))
 		 
	  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 
 xˆ &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 
%
h(x) = h(xˆ) 
I(xˆ, h(xˆ)) = 0.
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  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 x˙ = f(x)

 G( 0
  
 Y  y = h(x)  G	)	  &
  G  x
 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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 Y 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 1 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 g ∈ G  2 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

 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 g  Y  % h ◦ ϕg = g ◦ h(

 X = ϕg(x)   /	  Y = h(X)  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0
Y =
C1
C1 + C2
=
M1c1
M1c1 + M2c2
=
y
y + M2
M1
(1− y)
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G  g → ϕg(x)

  ! r = dimG 
  g =   r ≤ n = dim x( 0
  
 
 
x0  2 m = dim y "
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8	 (xˆ, y)   		  ξ # 	  (xˆ, y)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
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	 g ∈ G
	  	+	 )	
(xˆ, y) → (ϕg(xˆ), g(y)).
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
 	+	 Y = (y, a) 		 0 g ∈ G    a /
Y = (y, ψf(xˆ,Ξf )) := Υ(y, xˆ,Ξf ).
,  )	  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 		 Ξ0f   m +		  	
Υ(y, xˆ,Ξ0f )
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I(y, xˆ) = Υ(y, xˆ,Ξ0f )−Υ(yˆ, xˆ,Ξ0f )
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I(xˆ, y) = log
(
yˆ
1− yˆ
1− y
y
)
.
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) n   			 (c1, . . . , cn) 7
V
d
dt
ci = F (c
in
i − ci) + ri(c1, . . . , cn)
yi =
ci∑n
h=1 ch
, i = 1, ..., n
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n = 2  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y = (y1, . . . , yn) 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ϕ : G = ((R+∗ )
n, .) −→ G(X )
g = (M1, . . . ,Mn) −→ ϕg 
ϕg : X −→ X
(c1, . . . , cn) −→ (M1c1, . . . ,Mncn).
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ρg : Y −→ Y
(y1, . . . , yn) −→
(
M1y1∑n
i=1 Miyi
, . . . , Mnyn∑n
i=1 Miyi
)
.
    *      	/  	 	)	  	 
 8		 "  9 	)	  	   8		 	 )	  	
/	  &     			 	 	 cini     
 	  	  ri ) 	  #		 	 	 )	
 /	    	)	  /	  &   8	 	
 & 	
 	 /() 	 		  +		 	)	  & 
	+	 &	  /  ((ĉi), (yj))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Coi = Miĉi, i = 1, ..., n
  	  		 
Mi =
Coi
ĉi
, i = 1, ..., n
P (Coi )  	 +	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Yi =
Miyi∑n
h=1 Mhyh
, i = 1, ..., n
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Hi(ĉ, y) =
Coi
ĉi
yi∑n
h=1
Coh
ĉh
yh
, i = 1, ..., n
P ĉ = (ĉi)  y = (yi) M	 (		 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Iij(cˆ, y) = log
(
ŷi
ŷj
yj
yi
)
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vi(c1, . . . , cn) = ci
∂
∂ci
, ∀i ∈ {1, . . . , n}
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V
d
dt
ĉi =F (c
in
i − ĉi) + ĉiri((
yj
yi
)1≤j≤n)− kĉi log
(
n∏
h=1,h=i
ŷi
ŷh
yh
yi
)
3?J4
ŷi =
ĉi∑n
h=1 ĉh
, ∀i ∈ {1, . . . , n}
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d
dt
ĉi =
d
dt
ci  )	 #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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ri(c1, . . . , cn) = ci ri
(
c1
ci
, . . . ,
cn
ci
)
= ci ri
(
y1
yi
, . . . ,
yn
yi
)
.
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ξ̂i = log(ĉi) i = 1, . . . , n
. 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V
d
dt
ξ̂i =F (c
in
i exp(−ξ̂i)− 1) + ri((
yj
yi
)1≤j≤n)− k
(
n∑
h=1,h=i
(ξ̂i − ξ̂h) + log(
n∏
h=1,h=i
yh
yi
)
)
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1
V
−Fc
in
1 exp(−ξ̂1)
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−Fcinn exp(−ξ̂n)
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k · · · k −(n− 1)k
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n∑
i=1
(
dci
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x˙ = u cos(θ)
y˙ = u sin(θ)
θ˙ =
u
L
tan(ϕ).
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˙P = u 
τ

˙τ =
u
L
tan(ϕ) 
ν
)

τ =
(
cos θ
sin θ
)
 
ν =
( − sin θ
cos θ
)
.
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ψ : G = SE(2) −→ G(X )
g = (rotα, Ta) −→ ψg )
ψg : X −→ X
(
P , 
τ) −→ (rotα(
P + 
a), rotα(
τ)).
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d
dt

ˆλ = u
tanϕ
L

ˆν +
u
a
(
ˆλ− 1
a
(
P − 
Pr))

ˆτ = 
ˆλ− 1
a
(
P − 
Pr)
P 
ˆν   ) 	 0 
ˆτ 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x˙ = Ax
y = Cx
) x ∈ Rn y ∈ Rp A ∈ Rn × Rn  C ∈ Rp × Rn
    &#  		   ./ x    8	 	 X = Rn
.  y  8	 	 Y = Rp '	 	 	    	 /	 
&  	+	 )	 7
ϕ : G = (R∗, .) −→ G(X )
g = λ −→ ϕg 
ϕg : X −→ X
x −→ λx.
Z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ρg : Y −→ Y
y −→ λy.
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xo = λxˆ, xˆ ∈ X
yo = λyˆ, y ∈ Y
) (xo, yo) ∈ X ×Y  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Hij(xˆ, y) =
yj
xˆi
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ei,j(y, xˆ) =
yj
xˆi
− yˆ
j
xˆi
P yˆ  8	  yˆ = Cxˆ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vi(xˆ) = xˆi
∂
∂xˆi
, ∀i ∈ {1, · · · , n}.
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˙ˆx = Axˆ +
n∑
i=1
(
p∑
j=1
kij ei,j(y, xˆ)
)
vi(xˆ)
yˆ = Cxˆ
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˙ˆx = Axˆ + K(y − yˆ)
yˆ = Cxˆ
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x˙
˙ˆx
)
= F (x, xˆ) = F1(x, xˆ) + F2(x, xˆ)
)
F1(x, xˆ) =
(
f(x)
f(xˆ)
)
 F2(x, xˆ) =
(
0
W (h(x), xˆ)
)
.
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w˜ : G× (X × X ) −→ X × X
(g, x, xˆ) −→ (w(g, x), w(g, xˆ))
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V (x, xˆ) =
(
v(x)
v(xˆ)
)
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∇ ˙ˆq
(
˙ˆq + α &qˆF (qˆ, q)
)
= T//q→qˆS(q, t)− β &qˆF (qˆ, q)
+ R
(
( ˙ˆq + α &qˆF (qˆ, q)), &qˆF (qˆ, q)
)
( ˙ˆq + α &qˆF (qˆ, q))
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r˙ = w
w˙ =
w2
r
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˙ˆr = wˆ − α &rˆF (r, rˆ)
˙ˆw =
wˆ ˙ˆr
rˆ
+ T//r→rˆ(−r ln r)− β &rˆF (r, rˆ) + R(wˆ, &rˆF (rˆ, r))wˆ. 3K"4
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1
2
(ln r − ln rˆ)2
 	 &	 
&rˆF (r, rˆ) = rˆ
2 (ln rˆ − ln r)
rˆ
= rˆ(ln rˆ − ln r).
./	  	   	&   &
s → γ(s) = exp
(
ln
(
rˆ
r
)
s + ln r
)
 5	 r 	 s = 0  rˆ 	 s = 1 / 7
u′ − 1
γ(s)
γ′(s)u = 0
u(0) = −r ln r
   	 7
u(s) = −r ln r exp ((ln rˆ − ln r)s) .
 )	 
T//r→rˆ(−r ln r) = u(1) = −rˆ ln r.
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 r 		 7
˙ˆr = wˆ − α rˆ(ln rˆ − ln r)
˙ˆw =
wˆ ˙ˆr
rˆ
− rˆ ln r − β rˆ(ln rˆ − ln r)
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g ) g11(q) = 1 	 )	 	 F
&qˆF (q, qˆ) = qˆ − q
T//q→qˆS(q, t) = T//q→qˆ(−q) = −q
R(vˆ, &qˆF (qˆ, q))vˆ = 0.
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R(vˆ, &qˆF (qˆ, q))vˆ
}i
= Rijklvˆ
k{&qˆF (qˆ, q)}j vˆl
) Rijkl  	  	  (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Rijkl =
∂Γikl
∂qj
− ∂Γ
i
jl
∂qk
+ ΓipjΓ
p
kl − ΓipkΓpjl.
		  qˆ    q F  T//q→qˆ 	  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)	
2F = gij(q)(qˆ
i − qi)(qˆj − qj) + O(‖qˆ − q‖3) 3K?4
{&qˆF}i = qˆi − qi + O(‖qˆ − q‖2) 3KK4
{T//q→qˆw}i = wi − Γijl(q)wj(qˆl − ql) + O(‖qˆ − q‖2) 3K!4
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˙ˆqi = vˆi − α(qˆi − qi)
˙ˆvi = −Γijk(qˆ)vˆj ˙ˆqk + Si(q, t)− Γijl(q)Sj(q, t)(qˆl − ql)
−β(qˆi − qi) + Rijkl(q)vˆk(qˆj − qj)vˆl.
3K4
1	   Γijk(qˆ)vˆ
j ˙ˆqk   	  	 Γijk(qˆ)    Γ
i
jk(q) 
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Γijl(q)S
j(q, t)(qˆl−ql)  Rijkl(q)vˆk(qˆj−qj)vˆl 	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TM ( 

  
 
 K  TM  2 . 
" α 
β * !  &
+(
0
  2 ε > 0 *"

   K α  β+ µ > 0   % 4
 G  TM *"

   α  β+  % 
 
 

  3?L4
  K
[0, T [ t → X(t) = (q(t), q˙(t)) ∈ K
 T ≤ +∞  

  3K4 t → Xˆ(t) = (qˆ(t), vˆ(t))  Xˆ(0) # dG(Xˆ(0), X(0))
≤ ε  # 
 
 t ∈ [0, T [   ∀t ∈ [0, T [
dG(Xˆ(t), X(t)) ≤ dG(Xˆ(0), X(0)) exp(−µt).
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(ξ = δqˆ, ζ)  0 (δqˆ, δvˆ)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ξi = δqˆi
ζ i = δvˆi + Γijk(qˆ)δqˆ
kvˆj, i = 1, ..., n 3K 4
'	  )8 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 ζ i 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W ξ = γ˙(0)      > 0 ) γ 	 &  5	  	 γ(0) = qˆ
 γ() = qˆ + δqˆ
W  ζ = T//qˆ+δqˆ→qˆ(vˆ + δvˆ)− vˆ
. ) 	&	 ξ 	 ζ 	 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d
dt
(
δqˆi
)
= δvˆi − α
{
δ
(
&qˆF (qˆ, q)
)}i
d
dt
(
δvˆi
)
=− δ
(
Γijk(qˆ)vˆ
j ˙ˆqk
)
3KJ4
+
{
δ
(
T//q→qˆS(q, t)
)
− β δ
(
&qˆF (qˆ, q)
)
+ δ
(
R(vˆ, &qˆF (qˆ, q))vˆ
)}i
 	 #  		  	
5((((   ∇ ˙ˆqξ > 1	  		  	 )	   i = 1, ..., n 7
{
∇ ˙ˆqξ
}i
= ξ˙i + Γijk(qˆ)
˙ˆqkξj
= δvˆi − α
{
δ
(
&qˆF (qˆ, q)
)}i
+ Γijk(qˆ)
(
vˆk − α {&qˆF (qˆ, q)}k
)
ξj
= δvˆi + Γijk(qˆ)vˆ
kξj − α
({
δ
(
&qˆF (qˆ, q)
)}i
+ Γijk(qˆ){&qˆF (qˆ, q)}kξj
)
.
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∇ ˙ˆqξ = ζ − α ∇ξ&qˆF (qˆ, q)
)
{
∇ξ&qˆF (qˆ, q)
}i
=
{
δ
(
&qˆF (qˆ, q)
)}i
+ Γijk(qˆ){&qˆF (qˆ, q)}kξj.
5((((   ∇ ˙ˆqζ >  ) )	  ζ  		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{
∇ ˙ˆqζ
}i
= ζ˙ i + Γijk(qˆ)
˙ˆqkζj . 3KL4
1/ 3KJ4  3K 4 	 )	
ζ˙ i =
d
dt
(
δvˆi
)
+
d
dt
(
Γijk(qˆ)vˆ
jξk
)
=− δ
(
Γijk(qˆ)vˆ
j ˙ˆqk
)
+
{
δ
(
T//q→qˆS(q, t)− β &qˆF (qˆ, q) + R(vˆ, &qˆF (qˆ, q))vˆ
)}i
+
d
dt
(
Γijk(qˆ)vˆ
jξk
)
# 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δ
(
Γijk(qˆ)vˆ
j ˙ˆqk
)
=
∂Γijk(qˆ)
∂qˆc
ξcvˆj ˙ˆqk + Γijk(qˆ)δvˆ
j ˙ˆqk + Γijk(qˆ)vˆ
j ξ˙k
=
∂Γijk(qˆ)
∂qˆc
ξcvˆj ˙ˆqk
+ Γijk(qˆ)ζ
j ˙ˆqk − Γijk(qˆ)Γjpc(qˆ)vˆpξc ˙ˆqk
+ Γijk(qˆ)vˆ
j ξ˙k
d
dt
(
Γijk(qˆ)vˆ
jξk
)
=
∂Γijk(qˆ)
∂qˆc
˙ˆqcξkvˆj + Γijk(qˆ)ξ
k ˙ˆvj + Γijk(qˆ)ξ˙
kvˆj
=
∂Γijk(qˆ)
∂qˆc
˙ˆqcξkvˆj
− Γijk(qˆ)Γjpc(qˆ)ξk ˙ˆqcvˆp
+ Γijk(qˆ)ξ
k
{
T//q→qˆS(q, t)− β &qˆF (qˆ, q) + R(vˆ, &qˆF (qˆ, q))vˆ
}j
+ Γijk(qˆ)ξ˙
kvˆj
'	 (  # 	 	 7
d
dt
(
Γijk(qˆ)vˆ
jξk
)
− δ
(
Γijk(qˆ)vˆ
j ˙ˆqk
)
= −Γijk(qˆ)ζj ˙ˆqk
+ Γijk(qˆ)ξ
k
{
T//q→qˆS(q, t)− β &qˆF (qˆ, q) + R(vˆ, &qˆF (qˆ, q))vˆ
}j
+ ξk ˙ˆqcvˆp
(
∂Γipk(qˆ)
∂qˆc
− ∂Γ
i
pc(qˆ)
∂qˆk
+ Γijc(qˆ)Γ
j
pk(qˆ)− Γijk(qˆ)Γjpc(qˆ)
)
 	 #  		  	
'	 (	   ζ˙ i 7
ζ˙ i =− Γijk(qˆ)ζj ˙ˆqk
+
{
δ
(
T//q→qˆS(q, t)− β &qˆF (qˆ, q) + R(vˆ, &qˆF (qˆ, q))vˆ
)}i
+ Γijk(qˆ)ξ
k
{
T//q→qˆS(q, t)− β &qˆF (qˆ, q) + R(vˆ, &qˆF (qˆ, q))vˆ
}j
− ξk ˙ˆqcvˆpRikcp(qˆ)
  		 /#	 S		[ )	 7
∇ ˙ˆqζ = −R( ˙ˆq, ξ)vˆ +∇ξ
(
T//q→qˆS(q, t)
)
− β∇ξ&qˆF (qˆ, q) +  ∇  ξ
(
R(vˆ, &qˆF (qˆ, q))vˆ
)
P {∇ξ (T//q→qˆS(q, t))}i = {δ(T//q→qˆS(q, t))}i + Γijk(qˆ)ξk{T//q→qˆS(q, t)}j
{
 ∇  ξ
(
R(vˆ, &qˆF (qˆ, q))vˆ
)}i
=
{
δ
(
R(vˆ, &qˆF (qˆ, q))vˆ
)}i
+ Γijk(qˆ)ξ
k
{
R(vˆ, &qˆF (qˆ, q))vˆ
}j
    ( 	 	
 ∇  ξ    ∇ξ / 	 /&  /	
) )	 )	   0 ξ 7  ) R(vˆ, &qˆF (qˆ, q))vˆ  	
8	  	&   ( t → qˆ(t) 	 	 	   8	 	  )
)	 	 	 	 ξ  	/  	 0 ˙ˆq
:#	 			  
 ∇  ξ  	 		 
δvˆi = ζ i − Γijk(qˆ)δqˆkvˆj{
δ
(
&qˆF (qˆ, q)
)}i
=
{∇ξ&qˆF (qˆ, q)}i − Γijk(qˆ)δqˆk{&qˆF (qˆ, q)}j
  	 +		 /#	 		 )	 7
 ∇  ξ
(
R(vˆ, &qˆF (qˆ, q))vˆ
)
= (∇ξR)(vˆ, &qˆF (qˆ, q))vˆ + R(vˆ,∇ξ&qˆF (qˆ, q))vˆ
+ R(ζ, &qˆF (qˆ, q))vˆ + R(vˆ, &qˆF (qˆ, q))ζ.
P ∇ξR &	  ) )	  	  (  	&  ξ
# 			 
	  		 
$		 	 (		  +	 		 )	    )	
 3K4   0 qˆ  vˆ 7
∇ ˙ˆqξ = ζ − α∇ξ&qˆF (qˆ, q)
∇ ˙ˆqζ = −R( ˙ˆq, ξ)vˆ +∇ξ
(T//q→qˆS(q, t) )− β∇ξ&qˆF (qˆ, q)
+(∇ξR)(vˆ, &qˆF (qˆ, q))vˆ + R(vˆ,∇ξ&qˆF (qˆ, q))vˆ
+R(ζ, &qˆF (qˆ, q))vˆ + R(vˆ, &qˆF (qˆ, q))ζ
3!4
P ξ 	 0   )	  qˆ Z	 S = 0  F = 0 	 ) /	
  E( 7
D2ξ
Dt2
= −R( ˙ˆq, ξ) ˙ˆq
) D/Dt = ∇ ˙ˆq
5(((6( . 
 
 qˆ 
$  q > 
	  qˆ    q 3	
	     vˆ    v4  /	    )	 )	
(    	 	 &	       	 qˆ − q 7
&qˆF (qˆ, q) = 0, ∇ξ&qˆF (qˆ, q) = ξ  ˙ˆq = vˆ.
1 {
∇ξ
(
T//q→qˆS(q, t)
) }i
=
{
δ
(
T//q→qˆS(q, t)
)}i
+ Γijk(qˆ){T//q→qˆS(q, t)}kξj
 {
T//q→qˆS(q, t)
}i
= S(q, t)i − Γijk(q)(qˆj − qj)S(q, t)k
 q   qˆ 	 )	  7{
δ
(
T//q→qˆS(q, t)
)}i
= −Γijk(q)ξjS(q, t)k
Γijk(qˆ){T//q→qˆS(q, t)}kξj = Γijk(q)ξjS(q, t)k
0    	   	 (qˆ − q) 	
∇ξ
(
T//q→qˆS(q, t)
)
= 0.
 	 #  		  	
1	  q = qˆ 3!4 )	
∇ ˙ˆqξ = ζ − α ξ
∇ ˙ˆqζ = −βξ
3!@4
1/	 	 	 	 )	   :	 ) /()  
.	(&  	 		     		    (
    " '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	 	 ''	        3!@4
	 		 /(   	  /()  	 		
 qˆ = q 1 &	 	  		 	 	  &	 
  		  qˆ    q 7   #  		
 0  		 	   	  /()    	
	 	 )	 /( 8	 	   / /  /() / 0
   8( 	&	 TM 
5(((( - 4   # ! TM  >   &	  (
) α  β 	 +  
A =
(−α 1
−β 0
)
 G;=   # 	   8	 ) Q  
AtQ + QA = −I


Q =
(
a c
c b
)
 		  	
V (ξ, ζ) =
a
2
〈ξ, ξ〉+ c〈ξ, ζ〉+ b
2
〈ζ, ζ〉 3!"4
P 〈, 〉 &	     0   g  0   /	&
	  	 	 TM /	   Q  8	 ) 7 	
 		  (qi, vi)  	&   ) (δqi, δvi) 	&	 	 (q, v) 0
# 			 
	  		 	
TM 
V
(
δq , (δvi + Γikl(q)v
kδql)i=1...n
)
=
a
2
gij δq
i δqj
+ c gij (δv
i + Γikl(q)v
kδql) δqj
+
b
2
gij (δv
i + Γikl(q)v
kδql) (δvj + Γjkl(q)v
kδql)
1	  		  (qi, vi)    	  2n× 2n 	  
	 	  +		   q  v :	 		 X = (q, v) 	 &	  G(X)
  8		    TM  , /& /	 )	 &	 8
    
<  TM 3) B6: 6C4 7 	 (	    
< )
(a, b, c) = (2, 2, 0)
5(((( 0   
! > . ξ  ζ )8	 3!@4 	  
	 0
dV
dt
= a〈∇ ˙ˆqξ, ξ〉+ c〈∇ ˙ˆqξ, ζ〉+ c〈∇ ˙ˆqζ, ξ〉+ b〈∇ ˙ˆqζ, ζ〉
= − 1
2
(〈ξ, ξ〉+ 〈ζ, ζ〉).
	  # λ > 0  
dV
dt
≤ −λV.
 &	8   	  /() 3K4  	  		  
 G(X)  qˆ = q    )  vˆ
8	   + 		
˙ˆ
X = Υ(X, Xˆ) /() 3K4  		 X˙ =
Υ(X,X) 	 0  ) 	 3?L4 ./	& dV
dt
≤ −λV &	8 	
 /	& )	  )8 7
∂G
∂X
∣∣∣∣
Xˆ
Υ(X, Xˆ) +
(
∂Υ
∂Xˆ
∣∣∣∣
(X,Xˆ)
)t
G(Xˆ) + G(Xˆ)
(
∂Υ
∂Xˆ
∣∣∣∣
(X,Xˆ)
)
≤ −λG(Xˆ) 3!?4
 X = (q, v)  Xˆ = (q, vˆ) ) q v  vˆ ( G  8	 )  
		  3!?4   0 X  Xˆ  & 	   0 < ρ < λ 
# ε > 0     X 	   K   Xˆ )8	 dG(X, Xˆ) ≤ ε
	 )	
∂G
∂X
∣∣∣∣
Xˆ
Υ(X, Xˆ) +
(
∂Υ
∂Xˆ
∣∣∣∣
(X,Xˆ)
)t
G(Xˆ) + G(Xˆ)
(
∂Υ
∂Xˆ
∣∣∣∣
(X,Xˆ)
)
≤ −ρG(Xˆ).

 	 #  		  	

	  Xˆ(0)  O	   X(0) / 0  dG(X(0), Xˆ(0)) ≤ ε
1/ /		#  	 )	  t > 0 
dG(Xˆ(t), X(t)) ≤ dG(Xˆ(0), X(0)) exp(−ρ
2
t).
	   	  $& "    t ∈ [0, T [ dG(Xˆ(t), X(t)) ≤ ε
 Xˆ(t)  	  &	  		   	 )	 	 	)&	
#		 ) µ = ρ/2  )   ?  	 )
    ,  
   +/ 
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&)
. 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	 		 /	9  /()  	
	 7 	  	 F   &	  8	  5  (  	 			
 F 	&+  0  (
# 	 		 !  
 	 
   %  %
    3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 	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 
 ( 	 ( 3( 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 	  $& ? ) r  	
  (  	   	  θ /	&   	 ) /=	 M	 
u   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T =
1
2
(
r˙2 + (1 + r2)θ˙2
)
 /	& 	  &)	  7
U = r sin θ.
 (		   	  )	 7
r˙ = vr
θ˙ = vθ
v˙r = rvθ
2 − sin θ 3!K4
v˙θ =
−2r
1 + r2
vrvθ +
u− r cos θ
1 + r2
     9	# 	-.#  
%	  	
 > .   	    g 8	 
/	& 	 / 	  		 7(
1 0
0 1 + r2
)
. (  F 		 	 	 7
Γ122 = −r
Γ212 = Γ
2
12 =
r
1 + r2
 	 #  		  	
. 	 		 	  	  (  -		 	 7
R1122 = −
1
1 + r2
R1212 = +
1
1 + r2
R2121 = +
1
(1 + r2)2
R2211 = −
1
(1 + r2)2
. (    7
Rs = gliRppli =
−2
(1 + r2)2
. ( 	 (  	 (  	 	&)
%0  &
 >  		 /() 		 #
3K4 7
˙ˆr = vˆr − α(rˆ − r)
˙ˆ
θ = vˆθ − α(θˆ − θ)
˙ˆvr = rˆ
˙ˆ
θvˆθ +
(
− sin θ + rˆ(θˆ − θ)u− r cos θ
1 + r2
)
− β(rˆ − r) +
( −1
1 + rˆ2
vˆrvˆθ(θˆ − θ) + 1
1 + rˆ2
vˆ2θ(rˆ − r)
)
3!!4
˙ˆvθ =
−rˆ
1 + rˆ2
( ˙ˆrvˆθ + vˆr
˙ˆ
θ)
+
(
u− r cos θ
1 + r2
− rˆ
1 + rˆ2
(
(rˆ − r)u− r cos θ
1 + r2
+ (θˆ − θ)(− sin θ)
))
− β(θˆ − θ) +
(
1
(1 + rˆ2)2
vˆ2r(θˆ − θ) +
−1
(1 + rˆ2)2
vˆrvˆθ(rˆ − r)
)
# 	 		 !  
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0 5 10 15
−0.5
0
0.5
1
1.5
c)   r
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e)   d(r)/dt
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f)   d(theta)/dt
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˙ˆr = vˆr − α(rˆ − r)
˙ˆ
θ = vˆθ − α(θˆ − θ)
˙ˆvr = rˆvˆ
2
θ − sin θ − β(rˆ − r) 3!4
˙ˆvθ =
−2rˆ
1 + rˆ2
vˆrvˆθ − r cos θ − u
1 + r2
− β(θˆ − θ)
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r " "@
vr ! !"!
θ  "
vθ  "
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ωo =
1
2
√
2
α = 2ωo
β = ω2o
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q˙ = v
∇q˙v = S(q, t)− A(q)q˙.
A(q)  	  	     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˙ˆq = vˆ − α &qˆF (qˆ, q)
∇ ˙ˆqvˆ = T//q→qˆS(q, t)− T//q→qˆ
(
A(q)T//qˆ→q ˙ˆq
)
−β &qˆF (qˆ, q) + R(vˆ, &qˆF (qˆ, q))vˆ
3! 4
    (-   9'.#  9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		
  + 	  	 	   )	   	 3! 4
/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∇ ˙ˆqξ = ζ − α∇ξ&qˆF (qˆ, q)
∇ ˙ˆqζ = −R( ˙ˆq, ξ)vˆ +∇ξ
(T//q→qˆS(q, t) )−∇ξ (T//q→qˆ(A(q)T//qˆ→q ˙ˆq) )
−β∇ξ&qˆF (qˆ, q) + (∇ξR)(vˆ, &qˆF (qˆ, q))vˆ + R(vˆ,∇ξ&qˆF (qˆ, q))vˆ
+R(ζ, &qˆF (qˆ, q))vˆ + R(vˆ, &qˆF (qˆ, q))ζ
3!J4
 	 #  		  	
) {
∇ξ
(
T//q→qˆ
(
A(q)T//qˆ→q ˙ˆq
))}i
=
{
δ
(
T//q→qˆ
(
A(q)T//qˆ→q ˙ˆq
))}i
+ Γijk(qˆ)ξ
k
{
T//q→qˆ
(
A(q)T//qˆ→q ˙ˆq
)}j
.
. 
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"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 qˆ   q
 		 			 /#	    )	 3!J4  q = qˆ ,
	 	 	 0 	 /#	  ∇ξ
(
T//q→qˆ
(
A(q)T//qˆ→q ˙ˆq
) )
.
%0   	   T//q→qˆ
(
A(q)T//qˆ→q ˙ˆq
)
 >{
T//q→qˆ
(
A(q)T//qˆ→q ˙ˆq
)}i
=
{
A(q)T//qˆ→q ˙ˆq
}i
− Γijk(q)(qˆj − qj)
{
A(q)T//qˆ→q ˙ˆq
}k
/P {
T//q→qˆ
(
A(q)T//qˆ→q ˙ˆq
)}i
=A(q)ij
(
˙ˆqj + Γjmc(q)(qˆ
m − qm) ˙ˆqc)
− Γijk(q)(qˆj − qj)
(
A(q)kh
(
˙ˆqh + Γhmc(q)(qˆ
m − qm) ˙ˆqc)).

 /	 	 	)       	 qˆ − q{
T//q→qˆ
(
A(q)T//qˆ→q ˙ˆq
)}i
=A(q)ij
˙ˆqj + A(q)ijΓ
j
mc(q)(qˆ
m − qm) ˙ˆqc − Γijk(q)(qˆj − qj)A(q)kh ˙ˆqh.

 
   δ
(
T//q→qˆ
(
A(q)T//qˆ→q ˙ˆq
))
,{
δ
(
T//q→qˆ
(
A(q)T//qˆ→q ˙ˆq
))}i
= δ
(
A(q)ij
˙ˆqj + A(q)ijΓ
j
mc(q)(qˆ
m − qm) ˙ˆqc
− Γijk(q)(qˆj − qj)A(q)kh ˙ˆqh
)
/P {
δ
(
T//q→qˆ
(
A(q)T//qˆ→q ˙ˆq
))}i
=A(q)ij ξ˙
j
+ A(q)ijΓ
j
mc(q)ξ
m ˙ˆqc + A(q)ijΓ
j
mc(q)(qˆ
m − qm)ξ˙c
− Γijk(q)ξjA(q)kh ˙ˆqh − Γijk(q)(qˆj − qj)A(q)khξ˙h.
##   	 	 	  		 
	 		 

ξi =
{∇ ˙ˆqξ}i − Γijk(qˆ)ξj ˙ˆqk
  ξ  (qˆ − q) 	  7
ξi =
{∇ ˙ˆqξ}i − Γijk(q)ξj ˙ˆqk.
'	 (	 	 	 	)	       	 ξ  (qˆ − q) 7{
δ
(
T//q→qˆ
(
A(q)T//qˆ→q ˙ˆq
))}i
=A(q)ij
{∇ ˙ˆqξ}j − A(q)ijΓjmc(q)ξm ˙ˆqc
+ A(q)ijΓ
j
mc(q)ξ
m ˙ˆqc + A(q)ijΓ
j
mc(q)(qˆ
m − qm){∇ ˙ˆqξ}c
− Γijk(q)ξjA(q)kh ˙ˆqh − Γijk(q)(qˆj − qj)A(q)kh
{∇ ˙ˆqξ}h
  8 7{
δ
(
T//q→qˆ
(
A(q)T//qˆ→q ˙ˆq
))}i
=
{
T//q→qˆ
(
A(q)T//qˆ→q∇ ˙ˆqξ
)}i
3!L4
− Γijk(q)ξjA(q)kh ˙ˆqh.
# 
   Γijk(qˆ)ξ
k
{
T//q→qˆ
(
A(q)T//qˆ→q ˙ˆq
)}j
,   
	 ξ  	 q − qˆ 7
Γijk(qˆ)ξ
k
{
T//q→qˆ
(
A(q)T//qˆ→q ˙ˆq
)}j
= Γijk(qˆ)ξ
kA(q)jh
˙ˆqh 34
 &1 &0  ∇ξ
(
T//q→qˆ
(
A(q)T//qˆ→q ˙ˆq
) )

 q   qˆ > :	 
(	   	 3!L4  34 	 (	 7
∇ξ
(
T//q→qˆ
(
A(q)T//qˆ→q ˙ˆq
))
= T//q→qˆ
(
A(q)T//qˆ→q∇ ˙ˆqξ
)
.
. qˆ = q 	 )	 	 T//q→qˆ = IdTq(M) = T//qˆ→q  7
∇ξ
(
T//q→qˆ
(
A(q)T//qˆ→q ˙ˆq
))
= A(qˆ)∇ ˙ˆqξ.
./	   )	  3! 4 /  qˆ = q
∇ ˙ˆqξ = ζ − α ξ
∇ ˙ˆqζ = −βξ − A(qˆ)(ζ − α ξ)
3@4
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ψ = ζ − αξ.
./	 3@4   	  		 (ξ, ψ)
∇ ˙ˆqξ = ψ
∇ ˙ˆqψ = −βξ − (A(qˆ) + αIn)ψ
3"4
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V (ξ, ψ) =
β
2
〈ξ, ξ〉g(qˆ) + 1
2
〈ψ, ψ〉g(qˆ).

 ) ) 7
V˙ = −〈ψ, (A(qˆ) + αIn)ψ〉g(qˆ) ≤ 0.
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φ(I)
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(x, y) ∈ Σ(I) )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{
(x, y) ∈ Σ(I) )8	 φ(I)(x, y) ≥ φ(J)(xo, yo)
}
Σ(I)
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 		   /	)	 7
Eφ(Ir)(φ(I1)(x1, y1), φ(I2)(x2, y2)) = EIr(I1(x1, y1), I2(x2, y2)).
    
  	 
    # # # 2 .#
0' 9G  	  #  9#    
	 	  /	8	  (    6  	 #
& ) 	  	 )  	 	   F  ( 7 	
		 	  	   &    	  )	 /	
& 0 /  # P /	 	  6   	 /& . ( 
5     / 	)	  		 /	 	  /	

   6   # (xo, yo) 	 		   / )	 7
J(u, v) =
∫∫
W (xo,yo,t)
(
EIr
(
I(x, y, t), I(x + u, y + v, t + 1)
))2
dxdy
P W (xo, yo, t)  	 +	9 	  # (xo, yo) 	 /& 0 /		 t 	
 	 	     )  		 7  	  		
 & 	 ./& Ir   +	 	 	 & 
( 7 	 )	  #  Ir = I(·, ·, t)  Ir = I(x, y, t)|(x,y)∈Wr P Wr
 	 +	9 	 	 (xo, yo)    /& 	 3/  /) 	
+	  0    /&  /		 	/  	+ 
/&4
.   )  )	 (u, v) 	  +	9 W (xo, yo)    
  &	
u(t + 1) = λu(t) + α &xJ(u, v)
v(t + 1) = λv(t) + α &yJ(u, v)
P λ  	 +    α  &	     &	 ./)	&  
 /   	  &	 			     /&    8		
 	
$'	#	 	 	#	    )	      	
)  7 S#[ 	  $& @ ST 	  $& "  S([ 	  $&
? '	 	    +			 9  /	 	/(	  		 	
 /	  (		     /	  ) 	   7 
# 	  )  F  (  /	  6   S2#[  
	  0 	 +H	 	\) /    &	
1	  $& K  ! 	 		 	 	   7 #  	
 	  	 )  )	   	)#  & F	
 	
	  	  	 
  	
  #   +H	 0  /			 ) 0 )  	 7 	 ()
/)   / 	)	 	 (	 	 	  6 	  
# 
   	 	 )	   W (xo, yo, t) 	 +	9   8 × 8
# . +	9  +	 Wr   72× 72 #  	 	 (xo, yo) 
	    Wr     /			    	&	
 	   	 )  
#	
./	9   		#   	    )   K )	
/ 0  	  ) 7 #    #  	
 	   K    	 /& . (  )	 
/	   0  	   8		   /
   ' 8 +9 .:; × 	52   < '
  
   ' 8 9 	== × 	52   < '
   ' 8 ,9 	6; × 	52   < '
 	
	  	  	 
  	
   ' 8)'9 .53 × ==2   < ' -  
   ' 8)'9 .53 × ==2   < ' -   .; &

  
		  


1	  		# 	 		 	 	   		  ) )	
	 #     		 	/  + , )	 ) 	
8		  & 	 B5C  B66C  #
    +    *  
		 	 ( q(t)     t  8	  	 ) -
				 M  '	 	 	   ) ξ 8	  	&   ( q(t)  M 

 	
	 
 
	 	
'	 /	 0  )      ξ(t) = ξ(q(t)) ∈ TqM 7 TqM &		
/ 	&	 0 M  	 q
. ) /(	 	 		    # /	   &	 ,
+ 	 & 		 0 	    ) 		  9 
	&	 	  	  /  h = 0 7
∆(h) =
1
h
(T//q(t+h)−→q(t)(ξ(t + h))− ξ(t))
 		
∆(h) =
1
h
(ξ(t + h)− ξ(t))
 ξ(t+h) 	 0 Tq(t+h)M = Tq(t)M 3) $& @4 T//q(t+h)−→q(t)  /
  	   Tq(t+h)M ) Tq(t)M 7 	 	 	   (
)	  	 F	  	   		 ) 0 )   (
X  /	  0    h
:	 		  	 3K!4   	  	 (	 	  		
 /#	 )	    	 h 7
{∆(h)}i = 1
h
(
ξi(t + h)− Γij,k(q(t))(qj(t)− qj(t + h))ξk(t + h)− ξi(t)
)
=
ξi(t + h)− ξi(t)
h
+ Γij,k(q(t))
qj(t + h)− qj(t)
h
ξk(t + h)
'	 (	 	 	 0    h
lim
h→0
{∆(h)}i = ξ˙i + Γij,k(q)q˙jξk

lim
h→0
∆(h) = ∇q˙ξ.
	  ) )	 ∇q˙  	   ) ξ 8	  	&   (
q(t)   		  )  0   -				  0  ) .
    ( 	  	  		 :		  )
/	8 )   )	     7 ∇q˙ = ddt  :	 F 	 
		 :		  (  F /			

  

  
 
 		 	  		# 	   (	  	 B6C & ?L 0 ?@?
,   (	 	  % 5     ( 	 /#	 
/() 		    !
. ( -				  	 )  	   	  
& 		 	 & 	  	 	 		 	 	 	
		  8	 &	  		 	 / 0   	 	 
 	 	   /&	  & F    0 
& /&	    )&	 		 /	 F	 
&    & 	 ./	 F	 	  	
 	 (	   S	  E(T
	 x(t) 	 	 	 )	  	& /	 &  	 )  )
	 ) 3/ 		4 v(t) ∈ Tx(t)M 3/ 	&	 0 M  	 x(t)4

  		 	 	 	 		 &   0 	  α
  & 	   	 &     		
			  )	 		 0 	 ) 		  α 7 		 x(t, α) ∈ M 
	  	 	 0 /		 t  	   & 	 	
0  ) 	   α 7 x(t, 0) = x(t)
.   ) 8		  )	   & ξ(t) ∈ Tx(t)M   )
 	 x(t) 7
ξ(t) =
d
dα
∣∣∣∣
α=0
x(t, α)
 	
	 	 	 
	 %
   ) )8 /	 F	 	  	  )	 7
D2ξ
Dt2
= −R(v, ξ)v 3 4
P -   	  (  v = v(t)  ) )  )	  	&  
& 	 ./  )	
D
Dt
	 0  )	 )	 ∇v
./	 3 4 	 /	  E(
   #  &'   *  , *  &*
		    P  ) M  	 + 
 y(t) / 
 	  ) ξ(t) 	  	 &	 0  & 	 
	   ) v(t)   	 @  y )8 /	 F	
y¨ = −Ky,
P K = K(t) &	  ( -				  	 x(t) . $& @  
	  &  0 	 (	  		 	 	 
 /	 )  ( )  	&)


B@C :G 	 & E- &	 -

 ! 
 "
 $ 
 
" 


( E ' 
  ]I" 7 "JKW"LL $) @LJ!
B"C E$ &	  )	 E 
&	 & E  
 
! 
 <
! G
:- ( @LL@
B?C  &			 &  -	   
 
( 	& + 
K@ ,::: 	+	 	 1	 	 	 ) "  @K LW@KJK 1( ""
BKC  &			 &  -	 0  
 "
   
" )!! (
,::: 2		 	  	 KJ34 7 L?WLK! E	 "?
B!C I, 	 -  !
 /  !
  )  
 #
  
 1 &$
%  8 "( 		 ,	 $ @ 7
?@LW?@ @L
BC I, 	 <$ <$
 
"  <$ 
	& I& 
	
	 @LJL
B C DE ^_ & 2 G`&&	 = 

  >$
 =!  >! ,	
		 
 
	 	 @LL!
BJC * 	 & 1 1	   
  0 

 
" ?

(
:) @LL
BLC 

 	 & E. 	 >$ 

 
"  @
A(  	&
) " 3?4 7 K??WK  @LL!
B@C E  

. 2	  /	&	 E!K!
 	
B@@C  	 B   
 
  
 8
A    


( G1 2 : 	  $	 '( @LLL
B@"C * 	<		 - '&& E I	 1 
+ >$ $! 

 
" 


 )!!  

  ! !   


,			 E	 + -( 	 		 	  !3L4 7 K!W! ""
B@?C   & :  	
$


 

  
 4 "


, E	 	 	 	 '=	 ??3@4 7 @"W@KJ E	) @LL!
B@KC   
 D	 E: 	 & -  	
$


 <$
 - A$ -( ) + -	 	 	 	 @?3@4 7
"@WLL @LL
B@!C   : .	 & E: 	 

 )!!  $ -C

 
" <$ -   >$ @ <$! >$
 ,::: 2		 	
 	 K!3@"4 7 ""!?W""  1( "
B@C A ( 0 

 
 / "
  4 !

  ,	 
	 	 @LJ
B@ C $  & -  >D! "
 @ 0 <$ -  0 E

 @A
D(  ?!3@4 7 @ W?K @LLL
B@JC $  : .	 & 1 .; 

  <

 0!
$ "

  )!! - 
 ) E
 ,::: 2		 	 
	 K!3J4 7 @K? W@K!K V "
B@LC $  - 2
 "
 $ 

 
" $ 

  
,
E	 	 	 	 '=	 K3@4 7 @W@L "@
B"C $  & D .	 F 

 "
 =
 >9
 !
   <$ - ,::: 2		 	 -( 	 
	 @ 3K4 7 K"WK@" V "@
B"@C $  0!!  
 

 
" $  
, 5	 	
	 	 '=	 K@3"4 7 !K"W!" ""
B""C A 	 : * & : G 0 F <
 "
 # 
C

 G!$ 0
 4
( ,: E	 ?L3@4 7 @@@W@" E	) @LL?
	 
B"?C DR  
 2	& &  
  
 
" F   >

<C E$ # 

C
 
( ,	 :	&  -
? 7 @L!W@@" @LL 
B"KC E  
  
 .) 2: & 1' @LL
B"!C - 1( &  ; <
! 
" "  

 
" $ !
"
 
(  :	&		& 
	 ! 7 " ?!W" K ""
B"C - 1&	 
$. $   G= 2	  /	&	 ??@!
B" C  1()	 
 )<) &  $	< E
 

 <$
 
0
 :	   @LJ"
B"JC E   &  + ) 
  
. ) .( 
 @LJ 
B"LC 
 $a= 

. 2	  /	&	 ??"
B?C E * & , D< = 
 >$
  0
( 
(& M	)  "@
B?@C  *   & D 
	 <
#
 
" 
A  
$
*)= +  !" 


 A$ 
  

(  ?L3@4 7 @L?W
"@ @LLJ
B?"C 1 *  -	 
  

 
"  #  2 
/:  	      	(	 0 / 
() 		 	  L W@? @LLJ
B??C  * 

( . 2	  /,	&	 E!J?
B?KC G G & E * E
 ! C
  
 
 9

( 
, 5	 	 	 	 '=	 ? 7 @"L!W@?@ )( @LL"
B?!C  G	  =/  %
 -
  
( <` 	
@LJ"
B?C D G	 & * 
	< =! 
 8
A( 8 ,	&	 @ 7
@J!W"? @LJ@
B? C  , 	
 

 - 
	&I& 
	 	 @LJL
 	
B?JC G E & EG 
 0 -  "
 	
 -   0
 

?  ? -( ,::: 		 	  	 K!3!4 7 LJWL ?
 "
B?LC A
 D	 & E: 	  

 "
 G


  	
$


 <
$ - A$ -  )!! 4
( 
, 5	 	 	
	 '=	 ?!3?4 7 L@WL"L @LL 
BKC E D	 & A -	< 	
 
 A$ C 
 (

, 5	 	 	 	 '=	 "?3"4 7 @L W"@ @LJ!
BK@C $
 .  	 &       -

 
" 4 
-4 

 
  + 	 
&	 	 

@?3"4 7 @KW@!! "
BK"C 1 .; & -  
#!
 

 
" - <$


 - 
, E	 	 	 	 '=	 ?!3?4 7  W L @LL 
BK?C E . ) ! $% 1 &!  $ .) 2: & 1'  @LL 
BKKC A . & EE: 
	  

 0 "
 	
 -( 
 ?K34 7 J?WL @LLJ
BK!C  1  4 !
 <` 	 
	 	 @LL"
BKC :  -$.  
. 2	  /	&	 E!J?  E!J?@
BK C $ &	 4 E
  !& ! E	 	  (
@LL?
BKJC E: 	 & 2 - 

 
 <$  - 
	&I&
@LLK
BKLC . 	 &  *&< )
A= 
$ H 4
( ,: E	
I ?  ?  @LJK
B!C  	  -	 & E -  D!( :
, 7 'I "? 0
X
B!@C G 55 & 2, $	 	A =
  	
  =! .
 	 	 	 ,	+	 
	 "KK 
	& I& @LLL
	 
B!"C . < * G	=	& &  	  - 
  - ,	 +
 	  	 E	 +  	 	 ,	+	
3K4 7 K!WK ? @LJL
B!?C * '	 ) 

   
( E	 A & 
	,	 '
.R2:G, 2 	 @LLK
B!KC E ')  %   - (& M	)  @LL!
B!!C E ')   >$
 (& M	)  @LLL
B!C  -(	  ? 

 
" 	
 - & !" ? G1
 1	 +  	 .	 ,	 + 2	& @LLL
B! C A. .(	 1 2 & . .(	 A 
 

 *;G
+	 @LLJ
B!JC  	 

 4  )&$. 
 $ 
  2 
 
 <

 #
  . %   !!

( 2   ,	 	 	  .'--,: "! E	
@LJK
B!LC  -( 
  & . 	=<

 ! "
 $  



"  
 

( 	& : @LL 
BC  -	 7
  %
 4   $ <

 
"  "

 @( :	 E	 + 	 ] $ @@ 7 ?@ W?? @LL"
B@C 
 
<  $ / !
 
" !  
" 4 "

2 2%<  E	 
	 
 @  ??JW?!K @L!J
B"C 
 
<  $ / !
 
" !  
" 4 "

 2 2%<  E	 
	  @K  @KW@!! @L"
B?C G 
<  '&; 
 ' D <  ' & A R	& 

 
"  
 
  

 
 
C
 
( 	
:	&		&  L 7 J@LWJ"J "@
BKC 1 
	   &  
  
  2 F #
"
 % 

  

 
(   	&		& I "
 L@?WL@J @LL
 	
B!C 2 
			&   

 2	  /	&	 E@"
BC EE 
< =/ E
 A  :	 @LJL
B C GE 
		 E
   

 +  (< S 	
2T ( E  & E A 
	&I&  @KW@LJ '( @LLJ
BJC  2(= 4 $% 2	  /	&	 EK"
BLC  I& & :. . & E 	 <
!  

 
" > -




 4
(   	&		& I "@  @KLW@!K
@LL 
B C E I# E   
 $%  

  "

  
 .) 2: & 1' 
	 	 @LL?
B @C E A( & E < 4
 

 
"  @
A   <- =/
@A
D( ,			 E	 +  I	 " 7 !W@L @LLK
B "C 
 A( & E  0!!  ! $
 "
 
 


 



" $  ,	 : 	  -( 3	  @LL?4
) @K +  , I 	  	  	  "?W"L

	&I& @LLJ
B ?C 
 1 A+ -.:  . Q E I & E # <
  



"   

 
(   	&		& I "  L!!W
L@ @LL
B KC D R	 & 
 , >!  
! ?  / !
 
( @ 	  	   1<<  1<< ; R< @L ?
B !C E R	& A
 	& &   
C
 D  
! 
" 

  
# 

 ( :	  E	 I ?L 
@!W@ @ "?
B C G b - 	 &  G 
  D $C
 
" 


 
"   
*$ !
+ *$+ 


( 
 I ?      @"@W@"L @LL
B  C 
b Q	& D - & AG - 4A $
  )
A= 
$
 0
 4
( ,: E	 I K"  @ '( @LL
